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We perform a simulation on the DUNE experiment to probe the capability of future neutrino long-
baseline experiments to constrain the parameter space of high-energy models by using the correlation
between the atmospheric and reactor mixing angles. As an example, we analyze the tetrahedral flavor
symmetry model, which predicts a strong relation between the nonzero value of θ13 and a deviation of θ23
from maximality. We show that in this case, the model can realistically be excluded by more than 3σ for
most of the parameter space. We also study the octant degeneracy at DUNE and its impact on the sensitivity
of such models.
DOI: 10.1103/PhysRevD.96.095021
I. INTRODUCTION
The future scenario of experimental neutrino physics
predicts an unprecedented precision in the measurement of
all of the neutrino mixing parameters. In particular, we
know the least about the atmospheric angle and the CP
phase, and they are expected to be well measured at future
long-baseline experiments.
It was shown in Ref. [1] that one can use such precision
in order to tightly constrain the allowed parameter space
of high-energy models, as long as they provide robust
relations between the neutrino mixing parameters. In
particular, the correlation of the θ23 angle and δCP can
be used in oscillation experiments to distinguish it from the
usual three-neutrino standard paradigm up to 5σ C.L. [2,3].
Also, the phenomenology of the reactor angle in residual
Z2 symmetry models was studied in Refs. [4,5] in the
context of the prediction of δCP. In this paper, we show that
we can go even further and use the correlation between
the atmospheric and the reactor angles as a probe for high-
energy physics.
As an example, we analyze the tetrahedral flavor
symmetry model (TFSM) presented in Ref. [6] in order
to obtain the regions of the parameter space that can be
excluded by the DUNE experiment [7].
We also find that the DUNE experiment has a degen-
eracy for lower values of sin2 θ13, which does not present
any consequences for standard three-neutrino oscillations,
but partly reduces the test capability of such correlations.
II. THE TETRAHEDRAL SYMMETRY MODEL
The tetrahedral symmetry model [8] consists in adding to
the standard model’s gauge group G two discrete flavor
symmetries described by the binary tetrahedral group T4
and a Z2 symmetry, that is, Gtot ¼ G × T4 × Z2.
The particle content of the model consists of the usual
standard model particles, plus two singlet scalars to
accommodate the quark masses, two triplet scalars to
accommodate both charged and neutral fermion masses,
and three singlets neutral fermions.
The neutrinos acquire masses by a seesaw mechanism
through the three extra singlets neutral fermions,NiR, i ¼ 1,
2, 3 and one of the scalar triplets, H3 ¼ ðH13; H23; H33Þ. The
masses arise from a spontaneous symmetry breaking of the
scalar potential when one makes the change H3 → h3 þ v⃗,
where h3 is the triplet after symmetry breaking and v⃗ ¼
vð1;−2; 1Þ is the vacuum expectation value. In this con-
figuration, the model predicts a tribimaximal (TBM)
mixing matrix.
The TBM matrix is now excluded as it requires a zero
reactor mixing angle. Nevertheless, it was shown in Ref. [6]
that by a small shift of thevacuumalignment ofH3 a nonzero
value of the reactor angle can be obtained. Such values are
directly related to the atmospheric mixing by inducing a
connection between the nonzero value of θ13 and θ23,
θ13 ¼
ffiffiffi
2
p  π4 − θ23
: ð1Þ
This is a very powerful prediction and relates the nonzero θ13
to deviations of θ23 from maximality. We will show that the
constraint obtained from Eq. (1) can be used to probe the
model in long-baseline experiments. A discussion and
extension of A4-based models and residual Z2 due to
spontaneous breaking can be found in Refs. [9,10].
III. PROBING THE MODEL
In order to show the capability of future neutrino
experiments to distinguish the standard neutrino paradigm
from constrained models, we simulated the DUNE experi-
ment with the configuration described in Ref. [7] using the
GLOBES software [11,12].
The DUNE experiment consists of a muon/electron
(anti)neutrino beam from the Fermilab facility that travels
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through the Earth’s mantle for 1300 km, reaching a 40 kt
liquid argon detector at Ash River, Minnesota. The beam’s
energy peaks around 2 GeVand the detector is optimized to
measure the neutrino disappearance rate for the μ-(anti)
neutrino and the e-(anti)neutrino appearance. The precision
achieved on θ23 is related to the precision of the θ13 angle
[13] and could potentially reach 6%.
In order to perform the simulation we assumed the usual
Poissonian χ2 for each energy bin. A discussion of this
method can be found in Refs. [2,11,12]. The exclusion
bands were found by minimizing the χ2 over all of the free
parameters. The complete χ2 is a function of two sets of
parameters: the true values, which are the values chosen by
nature, and the test values, which are those observed by the
experiment. The χ2 functions minimize over all of the free
test values and is defined for each pair of true values
sin2θ13ðTRUEÞ and sin2θ13ðTRUEÞ in two scenarios: 1)
unconstrained and 2) TFSM. The free parameters in each
case are described in Table I. We do not minimize the
hierarchy for computational simplicity, as we expect that
such a minimization will not have a big impact on the
simulation as DUNE can distinguish the hierarchy at more
than 3σ. The true values are kept fixed unless stated
otherwise. Finally, the Δχ2 is defined as
Δχ2 ¼ χ22½θ23ðTRUEÞ; θ13ðTRUEÞ
− χ21½θ23ðTRUEÞ; θ13ðTRUEÞ; ð2Þ
where χ2i is the minimum χ
2 for the assumption i ¼ ð1Þ, (2).
Thus, nσ C.L. exclusion means Δχ2 ≥ n2. The fixed true
values were taken as the best fit from Ref. [14]. The signal
(background) flux uncertainty is assumed to be 5% (10%),
and we use a 3.5-year run in both neutrino and antineu-
trino mode.
In Fig. 1 we plot the expected DUNE sensitivity curve as
a function of sin2 θ13 by taking sin2 θ23ðTRUEÞ ¼ 0.43 for
three prior assumptions on the minimization procedure:
(i) unconstrained case (blue);
(ii) TFSM θ23ðTESTÞ in the lower octant (black);
(iii) TFSM θ23ðTESTÞ in the higher octant (black-
dashed).
In all cases the test values are minimized according to
Table I. The curve shows that the minimum value of
θ13ðTESTÞ and the χ2 minimum is very dependent on the
model assumption. A nσ confidence level is defined as
χ2ðθÞ − χ2ðθminÞ ¼ n2 for each curve. Thus, by assuming a
preferred model over another, the central value is changed
considerably. In particular, the minimum is shifted to a
smaller value (sin2 θmin13 ¼ 0.016) when the TSFM is
assumed as a prior. Also, the constraint forced by
Eq. (1) results in an overall difference of χ2TSFMðθminÞ −
χfreeðθminÞÞ ¼ 2.5 which can be used to test the model
parameter space.
This happens due to the fact that a large deviation of
θ23 from maximality is required to explain the size of
the reactor angle. On the other hand, the atmospheric
angle is assumed as sin2 θ23 ¼ 0.43, which is not too
far away from π=4. Thus, the interplay between a close-
to-maximal θ23 and a large θ13 can be used to probe
the model.
In Fig. 2 we plot the 1 to 5σ C.L. of the potential DUNE
experimental exclusion of the TFSM model (colored
bands). In this plot, the minimization of Eq. (2) also
includes the variation of δCPðTRUEÞ from 0 to 2π.
The black line corresponds to the model prediction and
the black-dashed (black-dot-dashed) lines correspond
to the current 90% (99%) C.L. Notice that the 1σ band
(cyan) follows the model prediction and that the TFSM
can be excluded at more than 5σ if the true value of
sin2 θ23 lies around the maximal mixing. However, there
is a 2σ degeneracy around the current best-fit point. This
is due to a small θ13 degeneracy related to the well-known
octant confusion, which will be discussed in the next
section.
FIG. 1. χ2 as a function of the test value of θ13. The blue curve
represents the standard paradigm, while the black curves are the
prediction by the tetrahedral model: the continuous line corre-
sponds to the lower octant, while the dashed line corresponds to
the higher octant. In this analysis the true value considered for the
atmospheric angle is sin2 θ23 ¼ 0.43.
TABLE I. Minimized free or constrained parameters on the χ2
function and the central values assumed (unless stated otherwise).
The central values are taken from Ref. [14].
Parameters
(1)
Unconstrained
(2)
TFSM Central Value
θ12ðTESTÞ Free Free 34.50ð1Þ
θ13ðTESTÞ Free Free 8.440ð18Þ
θ23ðTESTÞ Free Constrained 410ð1.1Þ or
50.50ð1Þ
δCPðTESTÞ Free Free 1.4π
Δm221ðTESTÞ Free Free 7.56ð19Þ×10−5 eV2
jΔm231ðTESTÞj Free Free 2.55ð4Þ×10−3 eV2
Mass
Hierarchy
Fixed Fixed Normal
Hierarchy
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IV. OCTANT DEGENERACY AND
REACTOR ANGLE
It was previously shown that a correlation between θ13
and θ23 can be used to exclude the TFSM using the DUNE
experiment alone, even though its sensitivity to the reactor
angle is much smaller than that of reactor experiments.
Nevertheless, Fig. 2 shows a clear 2σ degeneracy near the
best-fit point.
Such degeneracy is a result of the octant confusion [15].
For each pair ðθ13ðTRUEÞ; θ23ðTRUEÞÞ there is an eight-
fold degeneracy caused by the four test parameters
ðθ13; θ23; δCP; singðΔm231ÞÞ. Nevertheless, the correlation
between θ13 and θ23 form Eq. (1) partly reduces such
degeneracy as not every atmospheric angle is allowed. On
the other hand, as Eq. (1) is symmetric around θ23 ¼ π=4,
one may find the second solution in the wrong octant
that fits the reactor angle at 3σ. This is illustrated in
Fig. 3. The left panel shows the precision measurement
of θ13 in the unconstrained case, assuming the true
value sin2 θ13=10−2 ¼ 2.2. We see the usual dip due to
the octant degeneracy that creates a second minimum in the
θ13ðTESTÞχ2 function. The matter is even more clear in the
right panel, which shows the two-dimensional confidence
regions for θ13ðTESTÞ and θ23ðTESTÞ. The true value is
assumed to be sin2 θ23 ¼ 0.43 and the model prediction
corresponds to the purple line. Notice that even though the
model completely misses the true value at the lower octant
by more than 5σ, it passes through a region at the higher
octant at 2σ. Thus, such a local minimum can push down
the χ2 difference between the TFSM and the usual three-
neutrino oscillation due to the wrong-octant measure.
This means that the θ13 correlation cannot be used to its
full potential to probe the model when considering
DUNE alone.
For completeness, we also present the θ13 precision
measurement as a function of the true value of θ13 in the
right panel of Fig. 4 for different confidence levels. For
each θ13ðTRUEÞ there is a smaller value of θ13ðTESTÞ
that is allowed at 2σ, represented by the blue band in
the plot.
V. GENERALIZING RELATION
The previous sections described how it is possible to use
long-baseline experiments to probe the TFSM. This is
possible due to the strong correlation between θ13 and θ23
in Eq. (1). Nevertheless, we can straightforwardly general-
ize such a relation in order to perform a model-independent
analysis. If the reactor angle can be written as a function
of the atmospheric angle—that is, θ13 ≡ fðθ23Þ—one may
expand it around θ23 ¼ π=4 as
FIG. 2. Expected DUNE capability of probing the model at
different confidence levels as a function of the true value of θ23
and θ13. The bands correspond to the 1 to 5σ C.L., while the black
dashed curve represents the model prediction. The dashed
(dot-dashed) line corresponds to the current global fit 90%
(99%) C.L. [14] and the star corresponds to the best fit.
FIG. 3. Projected precision measurement of sin2 θ13 by the
DUNE experiment: the one-dimensional χ2 projection of θ13
(left) and the θ23 and θ13 correlation (right). The colors represent
the different confidence levels and the purple line is the model
prediction.
FIG. 4. Projected DUNE experiment confidence-level exclu-
sion for the sin2θ13ðTRUEÞ-sin2θ13ðTESTÞ plane.
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θ13 ¼ fðπ=4Þ þ f0ðπ=4Þ
 π4 − θ
þ    ð3Þ
Thus, the TFSM is a particular case where it predicts
fðπ=4Þ ¼ θ0 ¼ 0 and f0ðπ=4Þ ¼ ffiffiffi2p . This means that a
straightforward generalization of Eq. (1) is realized by
substituting the proportionality factor
ffiffiffi
2
p
by a free factor
f ¼ f0ðπ=4Þ as described below:
θ13 ¼ f
 π4 − θ23
: ð4Þ
Now, we can probe a more general, phenomenologically
motivated model-independent relation in the DUNE experi-
ment. Nevertheless, we showed that the octant degeneracy
may interfere with the sensitivity of such a relation.
However, it was shown in Refs. [13,15] that the octant
problem can be partly lifted if one knows the precise value
of θ13. In particular, Daya Bay may reach up to 3%
sensitivity in the reactor angle [16].
Thus, we will combine the DUNE experiment reactors in
order to evaluate the full potential of disentangling the
TFSM from the standard 3ν oscillation. This is performed
by adding the reactor prior to the DUNE χ2 function as
Δχ2Tot ¼ Δχ2 þ

sin2θ13ðTESTÞ − sin2θ13ðTRUEÞ
σ13

2
;
ð5Þ
where σ13 is the reactor-measured error on θ13. The result is
presented in Fig. 5, where we plot the exclusion potential
regions from 1 to 5σ as a function of the true value of θ23 by
assuming sin2 θ13ðTRUEÞ ¼ 0.02155 and σ13 ¼ 3%. The
black dashed line represents the TFSM. We see that for true
values of θ23 any such correlation can be excluded around
the maximal point π=4. Nevertheless, a correlation that is
too small (f < 0.8) or too large correlation (f > 1.9) can
also be excluded at 4σ for any true value of θ23.
Also, in Fig. 6 we show the 3σ parameter space of
Eq. (4) in the θ013-f plane that cannot be distinguished
from the unconstrained relation hypothesis by DUNE,
assuming sin2 θ13ðTRUEÞ ¼ 0.02155 and three cases: 1)
sin2 θ23ðTRUEÞ ¼ 0.43 (green), 2) sin2 θ23ðTRUEÞ ¼ 0.5
(blue), and (3) sin2 θ23ðTRUEÞ ¼ 0.6 (red). Notice that the
farther away from maximality, the smaller the region.
In general, a model predicts an initial neutrino
mixing matrixUPMNS ¼ U0 that is modified by a symmetry
FIG. 5. DUNE capability of excluding any relation between θ13
and θ23 that follows Eq. (1). The colored curves represent 1 to 5σ
C.L. and the dashed black curve is the tetrahedral model.
TABLE II. Summary of the predicted correlation for several
models.
Model θ0 f
U13:UTBM 0 6.3
U12:UTBM 0 6.3
UTBM:U23U12 0.157 2
UTBM:U23U13 0 1=
ffiffiffi
2
p
UTBM:U13U12 0 2=
ffiffiffi
2
p
UBM:U13U12 0
ffiffiffiffiffiffiffi
3=2
p
UBM:U23U12 0
ffiffiffiffiffiffiffi
3=2
p
UBM:U23U13 0 1=2
[21,22] [0, 0.35] 0.35
[20] 0.62 0.1 or 10
[23] [−1, 1] 1=θ0
FIG. 6. 3σ parameter space of Eq. (4) in the θ013-f plane that
cannot be distinguished from the unconstrained relation hypothesis
by DUNE. The true values are sin2θ13ðTRUEÞ¼0.02155 and the
three cases 1) sin2θ23ðTRUEÞ¼0.43 (green), 2) sin2 θ23ðTRUEÞ ¼
0.5 (blue), and 3) sin2 θ23ðTRUEÞ ¼ 0.6 (red).
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breaking, which leads to a small modification of U0 by a
rotation matrix Uij: UPMNS ¼ U0:Uij or UPMNS ¼ Uij:U0.
Thus, the values of θ0 and f vary depending on the model’s
assumptions. In Ref. [17] all of the possible correlations
were calculated for U0 ¼ UBM; UTBM, and UDC. Also,
other models predict different correlations [10,18–23].
We summarize some of these correlations in Table II.
Notice that most of the parameter space will be probed by
the DUNE experiment.
VI. CONCLUSION
We showed that it is possible to probe high-energy
models that present correlations between the atmospheric
and reactor angles by using long-baseline experiments. As
an example, we analyzed the tetrahedral flavor symmetry
model and simulated its predictions in the DUNE experi-
ment, which showed that a large portion of the phase space
can be excluded. On the other hand, we found that the
octant degeneracy creates a 2σ degeneracy for small θ13
that partially blinds the experiment to the model’s
correlation. Nevertheless, the general correlation θ13 ¼
fj π
4
− θ23j can be probed if one performs a joint analysis
with DUNE and reactors. In particular, if f > 1.9 or f <
0.8 the entire region can be probed if sin2 θ13 ∼ 0.02155.
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